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a b s t r a c t
The problem of finding the largest graphs and digraphs of given degree and diameter is
known as the ‘degree–diameter’ problem. One of the families of largest known vertex-
transitive digraphs of given degree and diameter is the Faber–Moore–Chen digraphs. In our
contribution we will classify those Faber–Moore–Chen digraphs that are Cayley digraphs.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The motivation to study large graphs and digraphs of given degree and diameter comes from potential applications to
the design of interconnection networks. For more details about the degree–diameter problemwe refer to the survey [13]. In
what follows we consider only the directed case. Except for small degree and diameter, the investigation of large digraphs
focuses on the vertex-transitive version, because of fast diameter checking, easy algebraic description and efficient computer
generation. For sufficiently large degree and diameter, the best currently known constructions are due to Faber, Moore, and
Chen [7,8] and Comellas and Fiol [3]; for a reformulation of the latter see Gómez [9] and for a merger of both constructions
see Gómez [10,9].
In this paper, we will focus on the Faber–Moore–Chen (also known as cycle prefix) digraphs Γ (∆, k), which can be
described as follows. Vertices of Γ (∆, k) are different k-permutations x1x2 . . . xk of an alphabet A, where |A| = ∆ + 1.
Adjacencies (called arcs of type j, 1 ≤ j ≤ k) are given by
x1x2 . . . xk →
{
x2x3 . . . xkxk+1, xk+1 6= x1, x2, . . . , xk (arcs of type j = k)
x1 . . . x̂i . . . xkxi (arcs of type j = k− i),
where x̂i denotes omission of the symbol xi. These digraphs have order (∆+1)k = (∆+1)!/(∆−k+1)!, diameter k and are
∆-regular,meaning that the in-degree and out-degree of every vertex are equal to∆. Formore details about other properties
of Faber–Moore–Chen digraphs we refer to [1,3–5,8,12]. Obviously, any permutation of the set A induces an automorphism
of Γ (∆, k), and hence Faber–Moore–Chen digraphs are vertex-transitive. Note that for k = 2 the digraphs Γ (∆, 2) reduce
to the Kautz digraphs; see [11]. The smallest nontrivial example is Γ (2, 2).
In this contribution, we determine the automorphism group of the Faber–Moore–Chen digraphs Γ (∆, k) for all values∆
and k. Thiswas proved independently in [2]; we offer here a slightly different and shorter proof. Moreover, as a consequence,
we determine for which∆ and k the digraphs Γ (∆, k) are Cayley digraphs.
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2. Results
In the proof of Theorem 1 we will use the following two observations.
(i) For an arc of type j, 1 ≤ j ≤ k − 1, with initial vertex v = x1x2 . . . xk, its terminal vertex is a k-permutation of letters
x1, . . . , xk obtained as follows: the position of x1, . . . , xk−j−1 is unchanged, xk−j moves to the end of the word, and the
letters xk−j+1, . . . , xk move one position to the left. Similarly, the terminal vertex of an arc of type k emanating from v is
represented by a k-permutation of the set x1, . . . , xk obtained by deleting x1, moving x2, . . . , xk by one position to the
left, and inserting a new symbol xk+1 at the end of the word.
(ii) For every arc of type j, 1 ≤ j ≤ k, there is exactly one shortest oriented cycle containing this arc. Moreover, this cycle
has length j+ 1 and all its arcs are of type j.
The observation (i) follows directly from the definition of Γ (∆, k) and implies that a letter xi can move at most one
position to the left and a new symbol appears only at the end of the word. The reader can easily check that (ii) is a
consequence of (i). For example, the shortest cycles of length 2 and 3 are x1x2 . . . xk, x1x2 . . . xkxk−1 (using arcs of type 1)
and x1x2 . . . xk, x1x2 . . . xkxk−2, x1x2 . . . xkxk−2xk−1 (using arcs of type 2). The shortest cycle beginning with an arc of type
k has the form x1x2 . . . xk, x2x3 . . . xkxk+1, x3x4 . . . xk+1x1, x4x5 . . . xk+1x1x2, . . . , xk+1x1 . . . xk−2xk−1, x1x2 . . . xk−1xk and has
length k+ 1.
Let Sn be a permutation group on n elements. Specifically, S∆+1 is a symmetric group on the set A = {1, 2, . . . ,∆ + 1},
which is the alphabet that appears in the construction of Faber–Moore–Chen digraphs. The set of all automorphisms of a
given digraph Γ forms the automorphism group of the digraph denoted by Aut(Γ ).
Theorem 1. For any ∆ ≥ k and k ≥ 2, the automorphism group of the digraph Γ (∆, k) is isomorphic to S∆+1 and acts
on V (Γ (∆, k)) in a natural way. That is, for any σ ∈ S∆+1 and any vertex v = (x1 . . . xk) ∈ V (Γ (∆, k)), the assignment
v 7→ σ(v) = (σ (x1)σ (x2) . . . σ (xk)) defines an automorphism of Γ (∆, k), and there are no other automorphisms.
Proof. As observed in the Section 1, the assignment v 7→ σ(v) induces an automorphism of Γ (∆, k). In what follows, we
show that there are no other automorphisms.
From (ii) we can see that, for the vertex v = x1 . . . xk, an automorphism σ such that σ(v) = v also fixes all the
vertices from the neighborhood of v that are represented by permutations of the letters x1, x2, . . . , xk. Moreover, any vertex
xpi(1)xpi(2) . . . xpi(k) represented by a permutation of letters x1, x2, . . . , xk (regardless ofwhether this vertex is an out-neighbor
of v or not) is reachable from v using only arcs of type j, 1 ≤ j ≤ k − 1. Indeed, with the help of arcs of type k − 1 we can
move xpi(1) to the beginning of the word; using arcs of type k − 2 we can preserve the position of xpi(1) and move xpi(2) to
the second position, and so on. Eventually, with the help of arcs of type k − l we can move xpi(l) to the l-th position. Hence
an automorphism σ such that σ(v) = v also fixes all vertices (not just neighbors of v) represented by permutations of the
letters x1, x2, . . . , xk.
Let now σ be an automorphism of Γ that fixes the vertex v = x1x2 . . . xk and every arc of type k emanating from v. Since
there is exactly one cycle of length k+ 1 containing the arc (x1x2 . . . xk, x2 . . . xkxk+1) of type k, the automorphism σ has to
preserve this cycle, and therefore it fixes the arc (xk+1x1 . . . xk−1, x1x2 . . . xk) as well. In combination with the findings of the
previous paragraph, this means that σ fixes the entire neighborhood of the vertex v = x1x2 . . . xk.
Since there is exactly one shortest directed cycle for a vertex v and an arc emanating from v, it follows that, if an
automorphism fixes v and all arcs emanating from v, it also fixes all arcs terminating at v, and vice versa.
Since an automorphism σ that stabilizes the vertex v and every arc of type k emanating from v fixes the entire
neighborhood of v = x1 . . . xk, it also fixes the vertices vl = x2 . . . xkxk+1. Consequently, such a σ fixes all the vertices
that are represented by permutations of letters x2, . . . , xk, xk+1 for all xk+1 6= xi, where i = 1, . . . , k. Therefore, σ fixes
all arcs of type k adjacent to vl and hence all arcs emanating from vl. Applying the same reasoning to vertices at distance
2, 3, . . . from v, we conclude that the only automorphism fixing v and every out-neighbor of v is the identity.
We have seen that an automorphism σ such that σ(v) = v automatically fixes all arcs of type 1, 2, . . . , k− 1 emanating
from v. From the previous paragraph it also follows that, if σ 6= id stabilizes v, then σ moves at least one arc of type k
emanating from v. As there are (∆− k+ 1) such arcs of type k leaving v, we have |Stab v| ≤ (∆− k+ 1)!.
Now, since Aut(Γ ) is transitive, we have Aut(Γ ) = |V (Γ )| · |Stab v| ≤ (∆+1)!
(∆−k+1)! (∆− k+ 1)! ≤ (∆+ 1)!. On the other
hand, we know that |Aut(Γ )| ≥ |S∆+1| = (∆+ 1)! and Aut(Γ ) contains S∆+1. Therefore, Aut(Γ ) ∼= S∆+1. 
An important subclass of vertex-transitive digraphs is Cayley digraphs. For a group G and a generating set X of G not
containing the unit element, the Cayley digraph Cay(G, X) has vertex set G and arc set G × X . For each element g ∈ G and
x ∈ X , the arc (g, x) has the initial vertex g and terminal vertex gx.
Recall that a permutation group H of degree n (acting on an n-element set Y ) is said to be transitive if for any a, b ∈ Y
there exists h ∈ H such that ha = b. The action of H on Y is called regular if for any two a, b in Y there exists precisely one
h ∈ H such that ha = b. If (a1, . . . , ak) and (b1, . . . , bk) are ordered k-tuples of distinct elements of Y , we say that H acts
k-transitively on Y if there exists h ∈ H such that hai = bi for all i, 1 ≤ i ≤ k. If this element h is unique, then the action is
sharply k-transitive. For more details, see [6].
To recognize which vertex-transitive digraphs are Cayley digraphs we will use Sabidussi’s theorem [14], which says that
a vertex-transitive digraph Λ is a Cayley digraph if and only if the automorphism group of Λ contains a subgroup acting
regularly on vertices ofΛ.
2240 M. Ždímalová, Ľ. Staneková / Discrete Mathematics 310 (2010) 2238–2240
Theorem 2. The Γ (∆, k) digraphs are Cayley digraphs if and only if
(a) ∆ = k,
(b) ∆ = k+ 1,
(c) ∆ = q− 1, where q is a prime power and k = 2,
(d) ∆ = q, where q is a prime power and k = 3,
(e) ∆ = 10 and k = 4,
(f) ∆ = 11 and k = 5.
Proof. Since the vertices of the digraphs Γ (∆, k) are k-permutations, by Theorem 1, the action of the automorphism group
on the vertices of Γ (∆, k) coincides with the action of the symmetric group S∆+1 on all k-permutations. Therefore, finding
regular subgroups of the automorphism group of Γ (∆, k) means finding subgroups of the symmetric group S∆+1 that are
regular (or, equivalently, sharply k-transitive) on ordered k-tuples. This is equivalent to identifying sharply k-transitive
subgroups S∆+1, which is the same as determining sharply k-transitive subgroups of degree (∆+ 1).
Fortunately, a classification of sharply k-transitive subgroups of symmetric groups of a given degree has been available
and can be extracted from [6,15]. Translating the classification to our language, we have the following possibilities:
(a) For k = ∆, we have S∆+1 that acts regularly on ordered k-tuples.
(b) For any k and∆ = k+ 1, we have a sharply k-transitive action of the alternating group Ak+2 of degree k+ 2 and order
(k+ 2)!/2.
(c) For k = 2, the only 2-sharply transitive group is the group of linear transformation {x −→ ax+ b : a, b ∈ F , a 6= 0} of
a finite nearfield F of order q = pm, where p is a prime. This group has degree q and order q(q− 1); that is, in our case,
∆ = q− 1; see also [16].
(d) For k = 3,∆ = q, where q = pm is a prime power, there are one or two families of 3-sharply transitive groups according
to parity ofm. Ifm is odd, the only 3-sharply transitive group is PGL2(q). Ifm is even, there are two 3-sharply transitive
groups, PGL2(q) and P∆L2(q), the second arising froma Frobenius automorphism. These groups have order (q+1)q(q−1)
and degree (q+ 1); that is, we have∆ = q.
(e) For k = 4, the Mathieu groupM11 acts on 11 points. Then we have∆+ 1 = 11, so∆ = 10.
(f) For k = 5, the Mathieu groupM12 acts on 12 points. Again we have∆+ 1 = 12, and therefore∆ = 11.
This completes the proof. 
It would be interesting to determine inwhich cases the constructions of Comellas and Fiol [3] and Gómez [9] yield Cayley
digraphs.
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